The analysis of the static deflection of cantilever plates is of fundamental importance in application to the atomic force microscope (AFM). In this paper we present a detailed theoretical study of the deflection of such cantilevers. This~ shall incorporate the presentation of approximate analytical methods applicable in the analysis of arbitrary cantilevers, and a discussion of their limitations and accuracies. Furthermore, we present results of a detailed finite element analysis for a current AFM cantilever, which will be of value to the users of the AFM.
I. INTRODUCTION
The analysis of the static deflection of plates has been an area of considerable research activity, with many varying methods being developed for the analysis of plates of a specific shape and structure.lF5 In the case of a plate of arbitrary shape, however, the solution of the governing plate equation is a nontrivial matter and in general an exact analytical solution does not exist, thus necessitating the implementation of numerical methods.6 However, there do exist specific cases for which analytical procedures such as Fourier analysis may be applied4*5 in the solution of the plate equation.
In this paper, we shall consider the analysis of the static deflection of a cantilever type plate, i.e., a plate in which one edge is clamped and all other edges are free, as the knowledge of the static deflection of such plates is of fundamental practical importance in application to the atomic force microscope (AFM). We must at this stage emphasize that all previous analyses presented in Refs. 1-5, which give an exact analytical solution to the plate equation, are not applicable to plates of the form under consideration in this paper. Reissner et aL' presented an approximate method for the evaluation of the static deflection of such plates. However, in Ref. 7 the authors comment that the resulting solution is in error by a factor of as much as ( 1 -4) (where Y is Poisson's ratio) as a result of the artificial restraint against anticlastic curvature. However, as we shall show in the case of a symmetric plate with a symmetric load, this is in fact not the case, and only appears as a result of inconsistencies in the theory presented in Ref. 7 in the analysis of the lowest order term. To correct this error factor, it was proposed in Ref. 7 to implement a higher order analysis. We shall also show that there is no real advantage in going to such a higher order analysis, as this unduly complicates the analysis with no great increase in accuracy. Furthermore, in Ref. 7 the authors state that their method is applicable to plates of arbitrary shape and aspect ratio. However as we shall discuss and demonstrate, there is a limitation to the shape and aspect ratio of the plates, which comes about from the variation of the magnitude of the anticlastic curvature.
Apart from presenting an approximate theoretical treatment of an arbitrary cantilever plate, we shall also evaluate and critically assess an approximate formula for the deflection of a cantilever plate currently in use in the AFM, as presented in Ref. 8 . We shall show, by example and discussion, the invalidity of this formula.
We shall present the results of a detailed numerical analysis of the static deflection of the above mentioned cantilever,' which to our knowledge has not hitherto appeared in literature, which will be of considerable practical value in the implementation of the AFM.
Finally, in the appendices we shall present a table of approximate spring constants obtained by the approximate theory for a number of different cantilevers. Also, we shall present a simple exact analytical expression for the average deflection of a rectangular cantilever, which may be used to quantify the accuracy of approximate analytical or purely numerical methods.
II. BACKGROUND THEORY
We shall begin by briefly summarizing the fundamental relationships and laws governing the deflection of plates, which shall be used throughout this paper. Note that the theory to be presented is only applicable to thin plates exhibiting small deflections. '" In particular, we shall only be considering symmetric cantilever plates with symmetric loads, of which one such example is presented in Fig. 1, i .e., plates in which one edge is clamped and all other edges are free.
It is well known that the strains in an arbitrary thin plate are defined:'
a% E"y=-baXay> (lc) where w is the deflection function of the plate in the z direction. Furthermore, Hookes Law states 1 Ex '-jj (a,--y) 
where D=E?/[12( 1 --?)I. Note that all integrals in Eq. (4) are taken over the cross-sectional area of the plate, except for the third integral where s is taken along the boundary of the plate and n is the corresponding outward normal to the boundary.
Following the above mentioned procedure, it can be easily shown2 that the well known plate equation results
where eX , ev, and eV are the x, y, and xy components of the strain tensor, respectively, whereas a,, a,, , and rXv are the x, y, and xy components of the stress tensor, respectively, and E is Young's modulus. Finally, the x, y, and xy components of the bending moments per unit length are, respectively, defined as
My= I it
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where the integration is over the thickness t of the plate.
It must be emphasized that Eqs. (la)-(3c) are only applicable to thin plates. These nine equations will form the basis of all derivations and analyses to be presented in this paper.
In the pursuing section we shall present an approximate theory for the analysis of these cantilever plates.
APPROXIMATE THEORY

A. General plate equation
It is well known2 that the equation governing the deflection function w(x,y) of an arbitrary plate may be obtained directly from the minimization of its potential energy, by the implementation of a calculus of variations.' As was shown in Refs. 1 and 2, the potential energy II of an arbitrary plate with only an external transverse load per unit area q(x,y) and a transverse shearing force per unit length Q, applied to its boundary is delined:
with boundary conditions as presented in Ref. 2. These boundary conditions shall not be reproduced, as they are complex in nature and are of no real value in this paper.
In. the case of an arbitrary plate, an exact analytical solution to Eq. (5) is extremely difficult if not impossible to obtain. Thus if an analytical solution to the static deflection of such plates is required, Eq. (5) is of no real value. To overcome this problem, it becomes necessary to implement some initial approximations and assumptions which greatly simplify the equation governing the de&c-tion.
The following derivation follows the same basic ideology as that presented in Ref. 7. However, instead of initially considering the general form of the potential energy given in Eq. (4) and thus formulating the governing equations, as was performed in Ref. 7, we shall begin with the fundamental governing equations (la)-(3c). This procedure is essential, since beginning with Eq. (4) directly will result in a solution to the static deflection problem which is physically inconsistent and contradictory, as we shall discuss in detail. Note that this is the source of the resulting error in Ref. 7 , in which the final solution is in error by a factor of as much as ( 1 -2); as we shall also discuss in detail.
B. Zeroth order equations
In formulating the zeroth order solution, we search for an approximation to the true deflection function of the form W(X,Y) -wobd, (6) i.e., the true deflection function w, which is a function of x and y, is approximated by a function purely in x. Clearly, Eq. (6) would be expected to be a good approximation if there is little y variation in the deflection. One such case in which Eq. (6) is expected to be valid, is that of a narrow plate whose width is far smaller in magnitude than its length.
Clearly, if the zeroth order approximation to the true deflection function w(xy) made in Eq. (6) is to be physically consistent, then the following zeroth order approximation to the bending moments in they direction MY must also be made:
My-O, (7) i.e., the approximation that all bending moments in the y direction be equated to zero. Note that this is essential, since any bending moment in the y direction will induce a y variation in the deflection, which clearly would be inconsistent and contradictory to Rq. (6). Thus, we can conclude that Eqs. (6) and (7) are equivalent zeroth order approximations.
Furthermore, it is clear upon examination of the definition of MY in Eq. (3b), that Eq. (7) is equivalent and identical to the zeroth order approximation
i.e., all stresses in they direction be approximated to zero. Therefore, it is clear from the above discussion that the zeroth order approximation given in Eq. (6) is equivalent and simultaneously identical to the zeroth order approximations given in Rqs. (7) and (8). It must be emphasized that if any one of these approximations are made, then the others must also be simultaneously implemented if the approximation is to be physically consistent and valid.
Note that only the approximation presented in Rq. (6) was implemented in Ref. 7, with the complete neglect of Eqs. (7) and (8), which thus resulted in a solution which was physically inconsistent and furthermore in error by a factor of as much as ( 1 -g>, as we previously stated.
We shall now present the formal derivation qf the governing equations for the zeroth order approximation to the deflection function given in Eq. (6).
Substitution of Eqs. (6)- ( 8) into the governing stressstrain relations given in Rqs. 
Finally for a plate with an external transverse load per unit area q(x,y) and transverse boundary edge forces per unit length Q,, the resulting expression for the potential energy II approx of the plate under the approximations of Eqs. (6)- (8) is defined:
Again note, that if the approximation presented in Eq. (6) were substituted directly into the original expression for the potential energy of a plate under no initial assumptions, as presented in Eq. (4), a result would be obtained which would be physically inconsistent and contradictory, and would 'be in error by a factor of as much as ( 1 -?>, as is clearly evident upon comparison of Eqs. (4) and ( 13 ) .
Referring to Fig. 1 and Rq. ( 13), it is clear that all integrals with respect to y may be removed to obtain
where
Note that in the formulation of Eqs. (14)- ( 15c), only boundary edge forces at the end. tip of the plate have been considered, since this is all that is required for AFM applications. ' Then upon implementation of the calculus of variationsg to Rq. (14) 
It must be noted that in general an exact analytical solution to Eqs. (16)-( 17~) is possible, thus eliminating the otherwise necessity for the implementation of numerical methods, as is the case with the original plate equation At this stage it must be noted that Eq. (6) is in fact only the first term in an infinite power series expansion for the true deflection function7 d&Y) = i; W2nWy2n. (18) Only even terms have been considered in Eq. ( 18), since in this paper we are only considering symmetric plates with symmetric loads.
Reissner et al7 stated that the results for the static deflection would be in error by a factor of as much as (1 -g), and as we have just shown this is not the case. Furthermore, to correct this and to obtain greater accuracy, the authors suggested that higher order terms in Eq. (18) be implemented in the analysis.
C. Second order equations
The approximation suggested in Ref. 7, has the form W(X,Y) -we(x) +JJwz(x> which is the first two terms in Eq. ( 18). (19) Note that in this case, nothing can be deduced about the bending moments and stresses as was the case in the preceding section, and therefore, the approximation in Eq. ( 19) stands alone and may be substituted directly into the general expression for the potential energy of the plate, as given in Eq. (4). Since the full implementation of Eq. ( 19) was not carried out in Ref. 7, we shall present the governing second order equations, suppressing all derivations since they are performed in an analogous manner to that in the preceding section and Ref. 7.
Thus, it can be easily shown that the governing second order equations for the functions we(x) and w2(x) are defined as
z=Zs (x) with boundary conditions (214 (21b) dwo dw w&x) =-&=w2w =J-p x=o=o'
where i is an integer.
Note that as in Eqs. (14)- ( 15c), only boundary edge forces at the end tip of the plate have been considered in the formulation of Eqs. (20a)-(22c).
The increased complexity of the second order equations in comparison with the zeroth order equations is clearly obvious upon comparison of Eqs. ( 16)- ( 17~) with Eqs. (20a)-(22c). Furthermore, unlike the zeroth order equations, an analytical solution to the second order equations is not obvious, if at all possible in even the most trivial case, and thus numerical methods must be resorted to. However, it must still be noted that Eqs. (20a)-(22c) are far simpler to analyze than the original plate equation (5). In the pursuing sections we shall examine the accuracy and applicability of the second order equations in comparison with that of the zeroth order method and a complete numerical treatment of the plate equation (5).
Before we present the comparison, it must be noted that the second order solution only contains the first two terms in an intinite power series of the true deflection function w (x,y), thus it is also expected to be only applicable to plates where the anticlastic curvature is relatively small. This shall also be examined in the pursuing sections.
IV. DlSCUSSlON
We shall now critically assess the applicability and accuracy of the zeroth order and second order solutions by a comparison with a direct numerical treatment of the original governing plate equation (5). In particular, a finite element analysis6 of Eq. (5) has been implemented.
It must be noted that in application to the AFM, the coefficient of prime importance is the "spring constant" which is defined to be the force required per unit deflection at the end tip of the plate. In this paper, we shall be con- sidering a point force applied to the end tip, and its corresponding deflection, as shown in Fig. 1 . Hence, the spring constant is formally defined as (23) where F is the magnitude of the applied force, and (xofio) is its corresponding position of application. First of all, the case of a rectangular plate shall be considered, as shown in Fig. 1 , with f(x) =c/2 and L= 1. A comparison of the spring constants obtained by the zeroth order and second order methods with respect to a direct finite element solution of Eq. (5) for varying plate parameters is given in Figs. 2(a)-2(c) . The zeroth order solution is given in Appendix A, whereas the results for the second order method were obtained by the implementation of a fourth order Runge-Kutta method for the solution of systems of first order ordinary differential equations" in conjunction with a shooting method for the solution of the two point boundary value problem," as is clearly required upon examination of Rqs. (20a)-(22c).
It is clear from Figs. 2(a)-2(c), that the zeroth order and second order methods possess similar accuracies, with the second order method possessing slightly better accuracy. Note that as the width of the plate is increased, it is also expected that the magnitude of the anticlastic curvature increase, and therefore a corresponding decrease in the accuracy of both the zeroth order and second order methods, and this is clearly borne out in Figs. 
2(a)-2(c).
It is also clear from the results that for a given accuracy, the second order method possesses a slightly larger range of applicability, as expected. However, the analysis of the second order equations is clearly far more complex than the zeroth order equations, since numerical methods must be resorted to for its solution in comparison to the zeroth order equations whose solution may be easily obtained by analytical means.
To make a further comparison, we shall now consider a plate in which the sides are adjustable to a gradient parameter m, i.e., referring to Fig. 1 , the dimensions of the plate are f(x) = 1 -mx. The results of a comparison of the zeroth order and second order solutions given in this paper, and the zeroth order solution given in Ref. 7 with respect to the finite element solution are given in Table I for the normalized deflection W at the end tip, where
It is again clear, that increasing the anticlastic curvature (in this case decreasing the length) decreases the accuracy of both the zeroth order and second order methods. Furthermore, as stated above, the second order method for a given accuracy has a slightly wider range of applicability, as is clear from Table I. Note that the results of the zeroth order analysis presented in Ref. 7 possess poorer accuracy than those of the zeroth order and second order solutions presented in this paper, as expected for reasons discussed in the preceding section. The results for the second order solution are slightly better than those for the zeroth order solution, however note that both zeroth and second order solutions are only applicable to plates in which the anticlastic curvature is relatively small.
Thus upon consideration of these results and the discussion presented in the preceding section, it must be concluded that there is no real advantage in the second order method over the zeroth order method, and in fact can be concluded as disadvantageous. The reasons being that the accuracies and ranges of applicability of both methods are similar, however the analysis of the second order method is far more complex than that of the relatively simple zeroth order equations, as discussed above.
Furthermore, it must be emphasized that the zeroth order and second order methods are only applicable to plates in which the anticlastic curvature exhibited in the deflection can be considered as relatively small, contradictory to the comments presented in Ref. 7 which imply that such zeroth order and second order methods are applicable to arbitrary thin plates.
V. AFM CANTILEVER
In this section a cantilever of fundamental practical importance in application to the AFM shall be considered, and results shall be presented for the spring constant for arbitrary dimensions of this cantilever. The general form of the cantilever currently in use* is that given in Fig. 3 , Fig. 1 for plate with f(x) = I-mx and (a) L=3, (b) L=2, and (c) L=l.
" Zeroth", "second", "old", and "FE" refer ( 1.6) 9.000 (6.5) where a point load has been applied to the end tip.
At first sight the analysis of this plate appears to be relatively simple, if each arm of the plate is considered to be a rectangular plate and both plates are joined in parallel, as was proposed in Ref. 8. However, as we shall show, this approximation -(which shall henceforth be referred to as the "parallel plate approximation") is physically dubious and numerically inaccurate under a wide range of cantilever geometries.
For such a plate whose arm width d is not far smaller in magnitude to the overall width b, great ambiguity arises in the determination of the length of each individual arm, and furthermore the plate cannot be considered as consisting of two rectangular plates in parallel. Second, for a plate in which d 4 6, ambiguity in the length still arises, although this is of course much smaller than in the previous case, however, for a plate where the aspect ratio (A=b/L)A > O( 1) , torsion of the arms becomes a significant factor, as we have found by conducting a rigorous finite element analysis of the original plate equation. 'This leads to a deflection function which does not resemble that of two rectangular plates in parallel, and thus leads to great inaccuracies in the approximation. Finally, in the case where d Q b and A 4 O( 1)) torsion of the arms does not appear to be a problem, however, in this case ambiguity again arises in the length of each arm. The inaccuracies of this approximation shall be demonstrated shortly.
A. Finite element results
We have implemented a complete finite element analysis' of the cantilever presented in Fig. 3 , the results of which are presented in Figs. 4(a)+c) for various aspect ratio A, Poisson's ratio V, and width ratio d/b. Note that these results are for a normalized spring constant K which is independent of Young's modulus E and the thickness t of the plate. The actual spring constant k can be obtained simply and directly from the following definition: KD' k=F (N m-l), where D' is as defined in Eq. ( 1 lc) and L is the actual length of the cantilever, as illustrated in Fig. 3 . The results presented in Figs. 4(a)-4(c) encompass the general case, and we believe will be of considerable practical value to the users of the AFM. It must be noted, that in practice the general form of the plate differs slightly to that shown in Fig. 3 , as is demonstrated in Fig. 5 . However, we have found that a 10% variation in 3 only pro- FIG. 5 . Accurate AFM cantilever model.
We shall now present a comparison of the results obtained by the parallel plate approximation discussed in the preceding section with that of the finite element analysis. Plots of the ratio of these two results for varying plate dimensions are presented in Figs. 6 (a)-6 (c) . Note that for
the length of each arm is completely ambiguous and therefore the results for these dimensions cannot be considered valid. Furthermore, note that as d/b decreases, there is less ambiguity in the length of each arm, however the error in the parallel plate formula dramatically increases as the aspect ratio increases. This is as expected, since increasing the aspect ratio also increases the torsion of the individual arms, as we previously stated. Thus it is clear from Figs. 7(a)-7(c) that the parallel plate approximation is not applicable in the analysis of this cantilever, duces -0.5% variation in the calculated spring constant, and therefore may be justifiably neglected in the analysis. Note also that decreasing d/b increases the magnitude of the anticlastic curvature and therefore decreases the accuracy of the zeroth order solution, however this is as expected since the zeroth order solution is only formally valid for plates exhibiting a relatively small anticlastic curvature. Note that for the typical values used above, the zeroth order solution still produces a reasonably accurate result with error -13% as compared with -25% for the parallel plate approximation. Thus depending on the application, one may choose to use the simple zeroth order approximation over the far more complicated direct numerical treatment of the original plate equation. + We have presented a detailed theoretical study of the static deflection of cantilever plates for AFM applications. This incorporated both an approximate analytical analysis and a rigorous finite element analysis of the original plate equation.
The approximate analysis presented is valid for an arbitrary cantilever plate which exhibits relatively small anticlastic curvature, and we have shown that even for plates where the anticlastic curvature is not small, the zeroth order approximation still gives reasonably accurate results ( -13% error). Furthermore, we have shown that the zeroth order solution is not in error by a factor of as much as (l-2) due to the artificial restraint against anticlastic curvature, and that there is no real advantage in pursuing a second order analysis over the zeroth order analysis, as were both suggested by Reissner et a1.7 For the current AFM cantilever, as shown in Figs. 3 and 5 and Ref. 8, we presented a critical assessment of the parallel plate approximation suggested in Ref. 8 for the evaluation of the spring constant, and discussed and demonstrated its inaccuracy and invalidity. Furthermore, we presented the results of a rigorous finite element analysis of this cantilever, which we believe will be of great practical value to the users of the AFM. In this Appendix we present the formal derivation of the exact average deflection function for a rectangular cantilever with Y=O, i.e., f(x) =yl in Fig. 1 .
Beginning with the plate equation (5) where 2yr is the width of the plate. Upon integration of Eq. (Bl ) with respect to y over the cross section of the plate, it can easily be shown that the following equation results: (B3) where Q(x) =& ry, q(w)&. V34) However, from the boundary conditions2 for Eq. (5)) we have the following condition along the edges y= ~yt : a3W a3w -&T+ (2---y) p&=0. U35) Thus, substituting Eq. (BS) into Eq. (B3), the following equation results for Y=O, and for a point load on the end of magnitude F [i.e., q(x,y) =FS(x--L)S(y)], as shown in Fig. 1 
The solution of which follows directly and is given by W(x) = --,;;L1 (x--3L)
CBS)
which can be shown to be identical to the zeroth order solution.
